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We discuss the possibility of phase-conjugation of an atomic Fermi field via nonlinear wave mixing
in an ultracold gas. It is shown that for a beam of fermions incident on an atomic phase-conjugate
mirror, a time reversed backward propagating fermionic beam is generated similar to the case in
nonlinear optics. By adopting an operational definition of the phase, we show that it is possible to
infer the presence of the phase-conjugate field by the loss of the interference pattern in an atomic
interferometer.
PACS numbers: 03.75.Fi, 03.75.Dg, 07.60.Ly, 05.30.-d
In contrast with the situation for classical electromag-
netic fields, there are considerable difficulties associated
with the definition of a quantum mechanical phase oper-
ator φˆ for bosonic fields [1, 2, 3]. This problem has been
discussed at great length in quantum optics [4], and has
recently been extended in the context of Bose-Einstein
condensation. With none of the numerous attempts at
formally introducing a phase operator being fully satis-
factory, Noh, Fouge`res and Mandel adopted instead an
operational approach based on an analysis of what is ac-
tually measured in an experiment, namely the relative
phase between interfering fields. It can be represented
by a combination of photon counting operators that de-
pends on the particular experimental scheme [5]. A sim-
ilarly operational approach has been adopted to discuss
the interference of Bose-Einstein condensates [6, 7].
One fundamental difference between optical and
matter-wave fields is that the latter ones can consist of
either bosons or fermions. For fermions the question
of phase of the field is even more difficult than it is
for bosons. Yet, it is gaining considerably in relevance
and timeliness in view of the spectacular progress re-
cently achieved toward the experimental realization of
quantum-degenerate fermionic atomic gases, with tem-
peratures reaching as low as T < 0.2TF where TF is the
Fermi temperature [8, 9, 10, 11, 12]. While one of the
primary goals of this work has been to observe the BCS
transition to a superfluid Fermi gas [13, 14, 15], future
experiments will likely use these gases for atom optics
experiments for which it will be necessary to understand
what role, if any, the phase of the Fermi field plays.
Unfortunately, one cannot define a phase operator or
phase eigenstates for an eigenmode of the Fermi field be-
cause of the Pauli exclusion principle: since number and
phase are canonically conjugate variables, a well-defined
phase requires a large uncertainty in particle number. In-
deed, a straightforward generalization to fermions of the
various phase operators and phase states discussed for
bosonic fields [1, 2, 3] leads to mathematically ill-defined
results. Therefore, it would appear that if phase is to
have any meaning in Fermi systems, it must be asso-
ciated with a multimode cooperative effect such as the
order parameter, ∆, for a superfluid Fermi gas.
The goal of this Letter is to show that despite the ap-
parent difficulties associated with the concept of phase
for fermionic fields, it is possible to introduce it in an op-
erational way. As a previous indication that this might
be possible, we recall that it is possible in principle to
operate atom interferometers with quantum-degenerate
fermionic beams, thereby measuring the relative phase
of the partial beams [16, 17]. Here, we go one step fur-
ther and show that it is possible to phase conjugate a
fermionic beam, so that its evolution is “time reversed”.
This is clear evidence that from an operational point-of-
view, the phase of a fermionic beam is a perfectly ap-
propriate concept. To avoid any possible confusion, we
emphasize at the outset that the phase under considera-
tion is not the phase associated with the order parameter
∆ of a Fermi system undergoing a BCS superfluid transi-
tion but rather the phase associated with each eigenmode
of the Fermi field.
Optical phase conjugation has been an active area of
research in nonlinear optics for several decades [18]. In
optical phase conjugation, an incident signal field inter-
acts with a pump field inside a nonlinear medium to gen-
erate an idler field that is the time-reversed state of the
signal field. This process can occur via three-wave mix-
ing in a χ(2) medium or by four-wave mixing in a χ(3)
medium [19]. In the context of classical optics, phase con-
jugation can be used to correct the phase aberrations in-
curred by the signal field while in quantum optics, phase
conjugation via four-wave mixing can lead to the gener-
ation of squeezed states [20].
Four-wave mixing in normal Fermi gases has been
demonstrated theoretically in Refs. [21, 22, 23, 24, 25].
They show that four-wave mixing could be interpreted
in term of Bragg scattering off of density modulations.
However, phase-conjugation via four-wave mixing re-
quires a different configuration that necessitates the use
of a superfluid gas. Specifically, we consider two counter-
propagating beams of atomic fermions interacting with
an atomic phase-conjugate mirror (PCM) see Fig. 1.
This “mirror” is formed by a degenerate Fermi gas of
alkali atoms at zero temperature confined in the region
20 ≤ z ≤ L, with equal numbers of atoms, NF , occupying
two hyperfine states that we refer to as spin up (↑) and
spin down (↓). The confinement in the z-direction is pro-
vided by a trapping potential U0 < 0 that is constant in
the region 0 <∼ z
<
∼ L except for a small interval δz ≪ L
around z = 0 and L where it goes smoothly to 0. The
extent of the gas in the x and y directions is taken to be
infinite so that we can treat the gas as being spatially
homogeneous with density nF = NF /V and volume V .
The spin up and down atoms interact via an attractive
two-body interaction characterized by the s-wave scat-
tering length a < 0. The existence of an attractive inter-
action leads to an instability in the normal state of the
Fermi gas that results in the BCS transition to a super-
fluid state characterized by the nonzero order parameter
∆ [26],
∆ = −g
∑
k
〈cˆ−k↓cˆk↑〉 (1)
where g = 4πh¯|a|/Vm and cˆkσ is the annihilation op-
erator for a fermion of momentum h¯k and spin σ. The
phase-conjugate mirror is therefore described by the lin-
earized Hamiltonian in the region region 0 < z < L,
H =
∑
k
[
h¯ωk
(
cˆ†
k↑cˆk↑ + cˆ
†
−k↓cˆ−k↓
)
+ h¯∆
(
cˆ†
k↑cˆ
†
−k↓ + cˆ−k↓cˆk↑
)]
(2)
where ωk = h¯k
2/2m− h¯k2F /2m and kF = (6π
2nF )
1/3 ≫
L−1 is the Fermi wave number of the gas. For conve-
nience we take ∆ to be real.
Before proceeding we note that the PCM may also be
produced by a three-wavemixing process that couples the
fermions to a molecular condensate as in [14], in which
case ∆ in Eq. (2) is replaced by the expectation value
of the molecular field. However, unlike four-wave mix-
ing, phase-matching is no longer automatically satisfied
in this case [19].
The Hamiltonian H may be diagonalized by the Bo-
goliubov transformation
αˆk↑ = cos(θk/2)cˆk↑ − sin(θk/2)cˆ
†
−k↓, (3)
αˆ†−k↓ = cos(θk/2)cˆ
†
−k↓ + sin(θk/2)cˆk↑, (4)
where αkσ is an annihilation operator for a quasiparticle
in the gas with energy h¯ζk = h¯
√
ω2k +∆
2 and tan θk =
|∆|/ωk.
The cw beam impinging the PCM at z = 0 consists
of spin-up fermions with momenta h¯k = h¯kzˆ, k > 0.
Similarly, at z = L spin-down fermions are incident on
the gas with momenta h¯k = −h¯kzˆ, k > 0. The beams are
considered to be sufficiently well collimated in the x and
y directions that they can be treated as one-dimensional
[17]. The number of atoms in these beams, NB, satisfy
NB ≪ NF so that the superfluid gas forming the PCM
can be treated as undepleted.
FIG. 1: Schematic diagram of input-output relations for fields
incident on superfluid Fermi gas.
Now consider a fermion initially located at z < 0 and
described as a wave-packet with average momentum h¯k0,
ψ(z, t) ∼ ψ(z − vk0(t − t0), 0) where vk0 = h¯k0/m is
the group velocity. When the atom enters the superfluid
gas it experiences the same confining potential as the
trapped atoms, as well as an attractive Hartree potential,
−gnF , [27] and propagates with the new group velocity
v¯k0 = h¯k¯(k0)/m where
k¯(k0) =
√
k20 + 2m(|U0|+ gnF )/h¯
2,
reaching the other mirror surface after a time τk0 =
L/v¯k0 . Similarly, a wave-packet at z = L with mean mo-
mentum −h¯k0 takes a time τk0 to reach z = 0. The input
fields are then related to the initial conditions, cˆk↑[z =
0] = cˆk¯(k)↑(t = 0) and cˆ−k↓[z = L] = cˆ−k¯(k)↓(t = 0).
(To simplify the notation we define cˆkzˆσ = cˆkσ.) The
output states, cˆk↑[L] and cˆ−k↓[0], are then obtained by
integrating the equations of motion from t = 0 to τk.
By using the Bogoliubov transformation (3-4) and the
solution of the equations of motion for the quasiparticles,
αˆkσ = αˆkσ(0) exp[−iζkt], one readily obtains the output
states in terms of the input states as
cˆk↑[L] = Tk¯(k)cˆk↑[0] +Rk¯(k)cˆ
†
−k↓[L] (5)
cˆ−k↓[0] = Tk¯(k)cˆ−k↓[L] +R
∗
k¯(k)cˆ
†
k↑[0] (6)
where
Tk = cos(ζkmL/h¯k)− i cos θk sin(ζkmL/h¯k), (7)
Rk = i sin θk sin(ζkmL/h¯k). (8)
Phase conjugation only occurs when Rk 6= 0, the output
states being then a superposition of the transmitted input
state plus its time-reversed state, cˆ†−k↓[0] = T cˆk↑[0]T
−1
where T is the time-reversal operator. Note that Rk = 0
in the absence of a superfluid state, ∆ = 0, so that
the existence of this state is essential for the opera-
tion of the PCM. Just as is normally the case in optics,
the phase-conjugate mirror has a finite bandwidth, since
sin θk = |∆|/ζk is only different from zero in the interval
δk ≈ |∆|m/h¯kF around kF . The phase-conjugate sig-
nal is therefore optimized by using an input state with
3average momentum h¯k0 and bandwidth ∆k such that
k¯(k0) = kF and |k¯(k0 +∆k)− k¯(k0 −∆k)| < δk. In this
case one can make |RkF | = 1 for L = (2j+1)πh¯kF /2m|∆|
for j = 0, 1, 2, ....
An important difference from the optical case [19] is
that since |Tk|
2 + |Rk|
2 = 1, there is no amplification
of the individual modes of the fermion beams. This is in
stark contrast to the case of bosons where one has instead
|Tk|
2 − |Rk|
2 = 1 in order to preserve the commutation
relations and the transmitted field is always amplified
since |Tk| ≥ 1. The lack of amplification for a single
mode of the fermion field is a necessary consequence of
the Pauli exclusion principle. Note, however, that the
total number of fermions in the output beams can be
amplified. To see this, we take for definiteness the input
state of the fermion beams to be
|Ψ〉 =
∏
|k−k0|≤∆k
cˆ†k↑[0]|0〉 (9)
with k0 > ∆k > 0. This corresponds to a beam of spin-
up fermions with momenta centered around h¯k0 incident
from z < 0 with no atoms incident from z > L. The oc-
cupation numbers for this state are nk = 〈cˆ
†
k↑[0]cˆk↑[0]〉.
Defining the total number operators for the input and
output fields as Nˆ
(in/out)
↑ =
∑
k>0 cˆ
†
k↑[0/L]cˆk↑[0/L] and
Nˆ
(in/out)
↓ =
∑
k>0 cˆ
†
−k↓[L/0]cˆ−k↓[L/0], one finds that
their expectation values are,
〈Nˆout↑ 〉 = 〈Nˆ
in
↑ 〉+ 〈Nˆ
out
↓ 〉 (10)
〈Nˆout↓ 〉 =
∑
k
|Rk¯(k)|
2(1− nk). (11)
Eqs. (10) and (11) show that the number of atoms in
both beams increase after having passed through the gas.
However, Eq. (11) shows that the increase results from
the scattering of atoms out of the superfluid gas and into
those modes that are not occupied in the incident beam.
Consequently, only incoherent amplification of the vac-
uum fluctuations occurs.
The identical increase in both beams reflects the un-
derlying pair creation process given by the cˆ†
k↑cˆ
†
−k↓ term
in the Hamiltonian, as well as the fact that the num-
ber difference operator, cˆ†
k↑cˆk↑ − cˆ
†
−k↓cˆ−k↓ commutes
with the Hamiltonian. Defining the covariance matrix
as Cov[Nˆoutσ1 Nˆ
out
σ2 ] = 〈Nˆ
out
σ1 Nˆ
out
σ2 〉 − 〈Nˆ
out
σ1 〉〈Nˆ
out
σ2 〉 we find
that
Cov[Nˆoutσ1 Nˆ
out
σ2 ] =
∑
k
|Tk¯(k)|
2|Rk¯(k)|
2(1− nk) (12)
which shows that the intra-beam number fluctuations as
well as the correlations of the beams are the same. Again,
this reflects the fact that any atom created in one beam
coincides with an atom created in the other beam so that
the fluctuations in both beams must be the same.
Eqs. (11) and (12) show that for |Rk¯(k)| = 1 one can
have amplification of the number of atoms in the output
beam with no fluctuations. Thus by using an input state
in which all the k states are fully occupied except for a
narrow window of width ∆k centered at k0, one can have
amplified output beams with negligible number fluctua-
tions provided k¯(k0) = kF , |k¯(k0+∆k)−k¯(k0−∆k)| < δk,
and L = (2j + 1)πh¯kF /2m|∆|. However, since these are
the same conditions required for a finite phase conjugate
signal, one cannot simultaneously have a phase conjugate
signal and an amplified output with reduced fluctuations.
These results show that despite the lack of a well-
defined phase for fermionic fields, the phase-conjugation
and time-reversal of these fields is readily possible in prin-
ciple. In the present example, the phase-conjugate signal
provides a direct signature of the BCS superfluid state
since for a Fermi gas in the normal state, an incident
beam of fermions would not generate a backward prop-
agating reflected beam [27]. Detailed studies of the re-
flected beam could then be used as a diagnostic tool to
study the BCS state.
To further illustrate the analogy between fermionic
and bosonic phase conjugation, we now show how phase-
conjugate beams of fermionic atoms can compensate
the relative phase accumulated between two paths of a
matter-wave interferometer when one of the mirrors is
replaced by a phase-conjugate mirror.
Fig. 2 shows a model Michelson interferometer. Here,
BS labels a beam splitter with transmission and reflec-
tion amplitudes t and r, respectively, with |r|2 + |t|2 = 1
and rt∗ + r∗t = 0. We first let M1 and M2 be perfectly
reflecting atom mirrors while ℓ1 and ℓ2 are the one way
path lengths in the two arms of the interferometer, andD
represents an atom counter. The operators aˆk and bˆk de-
note annihilation operators for fermions with momentum
h¯k that are incident on the two input ports of the interfer-
ometer. The input states only involve a single spin state
so we drop the spin label for convenience. The outputs of
the beam splitter are gˆk = raˆk + tbˆk and fˆk = taˆk + rbˆk.
The mirrors introduce a phase shift assumed to be the
same for both mirrors, so that it can be ignored. After
propagation through the arms and recombination at the
beam splitter, the fermion annihilation operator at the
atom counter is
dˆk = rt(e
−i2kℓ2 + e−i2kℓ1)aˆk + (r
2e−i2kℓ2 + t2e−i2kℓ1)bˆk.
(13)
Using an input state of the same form as Eq. (9), |Ψ′〉 =∏
|k−k0|≤∆k
aˆ†k|0〉, we find that the number of atoms at
D is
〈NˆD〉 =
∑
k
〈dˆ†kdˆk〉
= 2|r|2|t|2NB
(
1 + cos(∆ℓk0)
sin(∆ℓ∆k)
∆ℓ∆k
)
(14)
where ∆ℓ = 2(ℓ1 − ℓ2) and NB is the number of inci-
dent atoms. There is a discernible interference pattern,
although the broadband nature of the Fermi beam leads
4FIG. 2: Schematic diagram of atomic Michelson interferome-
ter.
to a loss of contrast due to dephasing for large path dif-
ferences, ∆ℓ∆k ≫ 1. It is worth emphasizing that even
though the incident fermions are in Fock states which
have completely random phases φk for each of the occu-
pied k-states, this phase is the same in both arms of the
interferometer so that the phase difference between the
arms is independent of φk.
We now replace the mirror M2 by a phase-conjugate
mirror. The reflected output of that mirror is
fˆ ′k = R
∗
k¯(k)fˆ
†
ke
+ikℓ2 + Tk¯(k)cˆk
where cˆk is an annihilation operator for the fermions in-
cident on the other side of the mirror in the opposite
spin state, see Eqs. (5-6). The annihilation operator for
fermions at the atom counter is now
dˆk = te
−i2kℓ1(raˆk + tbˆk) +R
∗
k¯(k)r(t
∗aˆ†k + r
∗bˆ†k)
+ rTk¯(k)e
−ikℓ2 cˆk, (15)
which, again using |Ψ′〉, gives
〈NˆD〉 =∑
k
(
|r|2|t|2|Tk¯(k)|
2Θ(∆k − |k − k0|) + |r|
2|Rk¯(k)|
2
)
where Θ is the unit step function. In this case, there is
no detectable interference pattern: The phase in arm 1 is
2kℓ1 + φk while the accumulated phase after round trip
propagation in arm 2 is −φk due to the phase-conjugate
mirror. The phase difference between the two arms is
then 2kℓ1+2φk but since φk is a random variable, there
is no interference pattern. This effect has also been pre-
dicted to occur in optics with chaotic fields [28].
In conclusion we have shown that phase-conjugation
of Fermi fields can be achieved using four-wave mixing in
a superfluid Fermi gas, and that it is justified to discuss
the relative phase of fermionic fields operationally. Sur-
prisingly we have shown that the phase of the Fermi field
can have observable effects even though we cannot de-
fine a Hermitian operator for the phase. In addition, our
proposed experimental setup provides an unambiguous
signature of superfluidity in the phase-conjugate mirror.
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